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Abstract The jump conditions are analyzed in detail for two slow shocks bounding a reconnection
plasma jet, observed on 3 August 2008 by the spacecraft THEMIS D (Time History of Events and Macroscale

Interactions during Substorms) on the dayside, low-latitude magnetopause. Both shocks are near the
switch-off limit. They have been previously examined by Sonnerup et al. (2016), on the basis of the simplest
MHD version of the jump conditions. In the present paper, those conditions now include the pressure
anisotropy, normal heat fluxes, and a finite normal magnetic field component, the effects of all of which
are found to be small. We also present and discuss the, mostly field-aligned, measured total heat fluxes,
which are found to be substantial and directed away from the reconnection site. We show that the
double-adiabatic (Chew-Goldberger-Low) invariants are far from invariant. Their combination indicates a
large entropy increase across the shock on the magnetospheric side with a much smaller increase across
the shock on the magnetosheath side. The detailed cause of the entropy changes remains unclear but
appears to involve irreversible transfer of energy between thermal motion parallel and perpendicular to the
magnetic field. The new results confirm the previously found presence of heavy ions and the values of the
effective ion mass on both sides of the event. They also confirm the need for an ion pressure correction in
the shock on the magnetospheric side.

1. Introduction

In this paper, we continue to examine a magnetopause traversal by the spacecraft THEMIS D (Time History of
Events and Macroscale Interactions during Substorms) (ThD), in which a reconnection jet was bounded by, or
more precisely for the most part consisted of, two slow-mode shocks. Both shocks were near the switch-off
condition, and the resulting symmetry, which is unusual at the magnetopause, was explained by the pres-
ence of heavy ions on the magnetospheric side of the event. Many other aspects of this event, including
the presence of Hall electric fields, were discussed in what we will refer to as Paper 1 [Sonnerup et al., 2016].
A schematic drawing of the event geometry and the spacecraft path through it is shown in Figure 1 of that
paper. Other details and relevant references can also be found there. The analysis of the event was made com-
plicated by two factors: first, the presence, on the magnetospheric side, of cold ions below the energy range
of the plasma instrument but inferred from spacecraft charging and second, the presence of heavy ions that
remained unidentified for lack of mass spectroscopy. The present study is based on data from the plasma
spectrometer (ESA) [McFadden et al., 2008] and the magnetometer experiment (FGM) [Auster et al., 2008] on
board the THEMIS spacecraft.

In Paper 1, we used the jump conditions in their simple one-dimensional MHD form as follows: mass con-
servation was used to calculate the, experimentally poorly determined, Alfvén-Mach number downstream of
each shock (evaluated in the moving de Hoffmann-Teller (HT) frame, in which the convection electric field had
been minimized); normal stress balance was used to establish the value of a multiplicative correction factor
kp for the ion pressure, needed in the shock on the magnetospheric side of the event (Shock 1) but not in the
shock on the magnetosheath side (Shock 2); and tangential stress balance in the form of the switch-off con-
dition was used to establish the need for, and value of, a quantity km amu, defining the effective ion mass in
each shock. A value km > 1 is caused by the presence of heavy ions, some of them measured but unidentified
by ESA and some below its energy range. They are presumably of ionospheric origin in Shock 1 and mostly
solar wind He++ in Shock 2; the MHD energy balance, without heat loss, was used to show that the predicted
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changes of plasma temperature and entropy across each shock agreed fairly well with the experimentally
determined values. Because of the lack of information about the full particle population, especially for Shock 1,
the jump conditions could not be checked in a strict sense, but they could be used to confirm that, with rea-
sonable assumptions, the data could be made compatible with those conditions. The same statement applies
to the present study, except as follows. The effects of pressure anisotropy are now included, and the energy
equation is used to calculate the net heat flux into, or out of, each shock along the (x) direction normal to the
magnetopause. Our new treatment also takes full account of all effects of the small, but finite, x component
of the magnetic field, some of which had been neglected in Paper 1.

The THEMIS data include high-quality determinations of the ion and electron pressure tensors, albeit with a
remaining uncertainty coming from the lack of ion mass discrimination. It is, at least partially, this feature that
leads to the need for a multiplicative ion pressure correction factor kp. The measured pressures were used in
Paper 1 to investigate shock structure and possible dissipation mechanisms. The total pressures used were
p=(kppi + pe), where pi and pe are the measured ion and electron pressures and where pi,e =(pi,e∥+2pi,e⟂)∕3.
The ion pressure correction factor was found to be kp=1.27 for Shock 1 and kp=1.00 (i.e., no correction) for
Shock 2. It was determined so as to satisfy the normal MHD pressure balance exactly. In the calculations it was
assumed that unmeasured cold ion populations did not contribute to the pressures.

In section 2 of the present paper, we provide brief background information about the event, taken from
Paper 1. In section 3, we reexamine the jump conditions by full inclusion of pressure anisotropy, both in the
gyrotropic description and by direct use of the measured pressure tensor components. As before, we apply a
multiplicative pressure correction kp to the ion pressures pi⟂ and pi∥ or to the ion pressure tensor components,
Pilm, measured by the ESA instrument. We also use the total energy balance to quantitatively determine the
net heat flux into or out of each shock, needed to conserve total energy. The jump conditions are first given in
their general form, which is applicable to all shocks, and are then reduced to the form applicable to switch-off
shocks (i.e., slow shocks in which the downstream tangential magnetic field is zero). In section 4, we discuss
the calculated heat fluxes and compare them to values deduced from the distribution functions measured by
ESA. In section 5, we examine the behavior of the “double-adiabatic (Chew-Goldberger-Low (CGL)) invariants”
[Chew et al., 1956] within each shock to see what information they can provide about the dissipation mech-
anisms and about the role of heat fluxes in the shocks. Section 6 contains a summary and further discussion
of the results. Appendix A provides details about the kp and km determinations. Appendix B contains details
concerning the double-adiabatic theory and the associated entropy measure.

2. Basic Event Information

The magnetopause reconnection event of interest was described in detail in Paper 1. It was encountered by
the spacecraft THEMIS D on 3 August 2008, in the time interval 16:58:56–17:01:05 UT. The event occurred on
the dayside postnoon magnetopause at low southern latitude (the spacecraft location in GSM was X=10.0,
Y =2.1, Z=−3.8RE) under conditions of high magnetic shear (152∘). An overview, taken from Paper 1, of vari-
ous measured quantities is shown in Figure 1. In this figure, the number densities on the magnetosphere side
(in Figure 1c on the left) were deduced from spacecraft charging up to the time where those densities start
to agree with the ion density recorded by the ESA instrument. The corresponding temperatures have been
calculated from the measured pressures by use of the corrected densities, as described in Paper 1. The first
pair of vertical dashed/dash-dotted lines marks the upstream/downstream state of Shock 1, on the magneto-
spheric side of the event; the second pair of dash-dotted/dashed lines marks the downstream/upstream state
of Shock 2, on the magnetosheath side. The southward directed reconnection jet is shown in Figure 1f. The
measured parameter values upstream and downstream of each shock are given in Table 1, also taken from
Paper 1, except for its bottom part, which contains information about the measured ion and electron pres-
sure tensors. All magnetic field information in the table has been interpolated to the plasma time tags, and
the plasma information is based on the usual, in our event incorrect, assumption that all ions are protons.
The effects of the latter assumption are most pronounced in Shock 1, as can be seen from the unrealistically
low upstream Mach numbers, MA1=V ′

1∕VA1 and M∗
A1=V ′

1∕V∗
A1, given in the table for this shock. Note that V ′

is the observed plasma speed, after transformation to the de Hoffmann-Teller (HT) frame, in which the
upstream and downstream flows are, at least ideally, field aligned. The quantity VA=B∕

(
𝜇0Nmp

)1∕2
is the

uncorrected Alfvén speed, and V∗
A =(1−𝛼)1∕2VA is the Alfvén speed corrected by the pressure anisotropy factor

𝛼=
(

p∥ − p⟂
)
𝜇0∕B2. Here N is the number density and mp is the proton mass. The upstream Mach numbers in
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Figure 1. Overview of, 3 August 2008, magnetopause crossing by ThD (from Paper 1). Numbers are based on 3 s
resolution plasma and magnetic field data: (a, b) Ion and electron energy-time spectrograms (color bar units are
eV/cm2 s). (c) Plasma number density. (d) Magnetic field magnitude. (e, f ) Components of the magnetic field and of
the plasma bulk velocity. (g) Ion temperatures (red: T∥, black: T⟂). (h) Same for electrons. (i) Magnetic pressures (black),
ion (red), and electron (green) perpendicular pressures, sum of the pressures (blue). Vector quantities and tensors
are in MVA coordinates (see Paper 1), with x (red; due sunward), y (green; due east), and z (blue; due north) along the
minimum, intermediate, and maximum variance directions. Vertical lines mark the (dashed) upstream and (dash dotted)
downstream reference times for the two shocks.
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the table are too small because, for a switch-off shock, they should be MA1=(1−𝛼1)1∕2 and M∗
A1 =1. As discussed

in Paper 1, the explanation for the discrepancy is that the effective ion mass must have been greater than the
proton mass, which brings down the Alfvén speed and increases the Alfvén-Mach number. It can also influence
the ion pressures. The downstream Mach numbers are ratios of small, fluctuating quantities; the values in the
table are unreasonable for both shocks.

3. Jump Conditions

We now present details of the MHD jump conditions, associated with mass, momentum, and energy conserva-
tion. In what follows, upstream conditions for each shock will be denoted by the subscript 1 and downstream
conditions by the subscript 2. The data used in the evaluation of these conditions are given in Table 1. In all
equations, velocities V′≡V−VHT and associated Alfvén-Mach numbers MA =(V ′∕VA) refer to the de Hoffmann-
Teller frame, in which the flow is assumed to be steady and field aligned, upstream and downstream of
(but not necessarily within) a planar 1-D shock. As in Paper 1, vector components given in the present paper
are along the magnetic variance (MVA) axes (for details, see Paper 1), with the x axis pointing along the mini-
mum variance direction, due sunward, the y axis pointing along the intermediate variance direction, due east,
and the z axis pointing along the maximum variance direction, due north.

The mass density 𝜌 should be based on the true effective ion mass, kmmproton, which, for simplicity, we take
to have a constant value across each shock. The pressure tensor P will be expressed, either in the gyrotropic
approximation, i.e., P = p⟂I + 𝛼BB∕𝜇0, where 𝛼 is the pressure anisotropy factor Parks [1991, p. 258] or by
direct use of the measured pressure tensor components. In both descriptions the pressure contributions from
both ions and electrons are included, the former corrected by a to-be-determined multiplicative factor kp. The
behavior of the two temperature components perpendicular to the magnetic field (see Figure A1d of Paper 1)
indicates that the gyrotropic description should be adequate much of the time.

The normal component of the magnetic field, Bx , which should be strictly constant in a one-dimensional
steady discontinuity, is in fact seen to have substantial variations during the event. In what follows, this field
component will, for simplicity, be replaced by its average, Bx = 3 nT, as described in Paper 1.

3.1. Mass Balance
The mass conservation law is expressed as the jump condition 𝜌1V ′

x1=𝜌2V ′
x2. When this expression is squared

and divided by B2
x∕𝜇0, it becomes 𝜌1M2

Ax1=𝜌2M2
Ax2. The upstream and downstream flows in the HT frame are

assumed field aligned so that V ′
x∕Bx=V ′∕B and MAx=MA. Therefore, mass conservation can be expressed as

𝜌1M2
A1 =𝜌2M2

A2. Because we assume the plasma composition to remain constant across each shock, we can
write this in the same way as in Paper 1, namely,

N1M2
A1 = N2M2

A2 (1)

As mentioned already, the downstream Mach numbers are unreliably determined from the measured plasma
speeds and magnetic fields. They are ratios of two small numbers, both of which show considerable fluctua-
tions in the measurements. For this reason, (1) will be used to evaluate M2

A2 from the corresponding upstream
Mach number and the number density ratio. Where needed, this downstream Mach number will then be used
in the remaining jump conditions.

3.2. Stress Balance
In terms of the total pressure tensor, i.e., the sum of the ion and electron parts, the normal and tangential
stress balances can be expressed as

{(
M2

A − 1
)

B2
x∕𝜇0 + Pxx + B2∕2𝜇0

}2

1
= 0 (2)

{(
M2

A − 1
)

BxBz∕𝜇0 + Pxz

}2

1
= 0 (3)

with an equation similar to (3) for the y component of the tangential stress balance. The “jump” notation
{....}2

1≡{....}2−{....}1 signifies that the relation holds between the upstream (subscript 1) and the downstream
(subscript 2) state of a shock (but not necessarily at points within the shock structure). Since the flow upstream
and downstream, as seen in the HT frame, is assumed to be field aligned, we have expressed the normal and
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tangential velocity components in that frame as V ′
x,z= MABx,z∕

√
𝜇0𝜌. In these equations, we will also write

Pxx =kpPixx +Pexx and Pxz =kpPixz +Pexz, where kp is an ion pressure correction factor to be determined so as to
satisfy the normal stress balance exactly. We will also use M2

A2 =(N1∕N2)M2
A1, taken from (1). If the upstream and

downstream fields and pressure tensor components are taken directly from the measured data in Table 1
(where all ions are assumed to be protons), then (2) and (3) provide a pair of coupled linear equations for kp

and M2
A1. Under ideal conditions, the y component of the tangential stress balance would then be identically

satisfied. In the gyrotropic approximation, the same statements hold but now the pressure tensor terms are
expressed as Pxx =p⟂ + 𝛼B2

x∕𝜇0 and Pxz =𝛼BxBz∕𝜇0.

For our event, the normal field component Bx does not remain strictly constant across each shock, presumably
as a result of time variations or deviations from one-dimensional behavior. Also, the downstream field Bz2 is
fluctuating, which could be produced by the fire-hose instability and/or other effects. The result is that the
value for M2

A1 resulting from (2) and (3) comes out unreasonably low, which in turn leads to unreasonably high
heat fluxes. For this reason, we will, as was done in Paper 1, replace the tangential stress balance, (3), by its
switch-off version, obtained by putting Bz2 =0 and Pxz2 =0:

M2
A1 − 1 = −Pxz1𝜇0∕Bx Bz1 = −𝛼1 (4)

Here the second equality follows from the fact that, in our event, the upstream state is very nearly gyrotropic
so that we can write Pxz1 =𝛼1Bx Bz1∕𝜇0. Detailed formulas for the determination of the ion pressure correction
factor kp are provided in the first part of Appendix A.

Usually, magnetopause reconnection events are highly asymmetric and may involve slow shocks that are far
from the switch-off state. For such events, use of (3) in its general form would be required and would give
reliable results, provided Bx and Bz2 were both accurately determined and stable.

3.3. Energy Balance
Once the ion pressure correction has been determined, one can then use the energy balance to find the net
effective normal heat flux. In the equations to follow, it is assumed that all ion pressures have been corrected
by the factor kp and that the upstream Mach number is M2

A1=1 − 𝛼1 with the ion part of 𝛼1 corrected by kp.
The jump condition for total energy can then be written as

{
𝜌V ′

x

(
V ′2∕2 + Tr P∕(2𝜌) + x̂ ⋅ P ⋅ V′) + qx

}2

1
= 0 (5)

Here we recognize V ′2∕2 and the pressure tensor trace TrP∕(2𝜌) as the kinetic and internal energy per unit
mass; the term x̂ ⋅P ⋅V′ represents the rate of work done by all pressure forces. The Poynting vector S is absent
since it has no x component, but the x component of the heat flow vector q can potentially contribute and
will appear in our results as a net changeΔqx =(qx2−qx1) across each shock. This change represents the result
deduced from the energy balance.

Upstream and downstream, the flow in the HT frame is field aligned so that we may write

x̂ ⋅ P ⋅ V′ = PxxV ′
x + PxyV ′

y + PxzV ′
z =

(
V ′

x∕Bx

) (
PxxBx + PxyBy + PxzBz

)
(6)

We also have V ′2∕2 = M2
AB2∕2𝜇0𝜌. By use of (6), equation (5) then becomes

{[
M2

AB2
2∕𝜇0 + Tr P∕2 +

(
PxxBx + PxyBy + PxzBz

)
∕Bx

]
∕𝜌 + qx∕𝜌V ′

x

}2

1
= 0 (7)

In (7) we can, as before, express MA2 in terms of MA1 by use of (1).

In the gyrotropic approximation, we again replace the pressure tensor components in (6) and (7) by
Pxx= p⟂ + 𝛼B2

x∕𝜇0, Pxy = 𝛼BxBy∕𝜇0, Pxz = 𝛼BxBz∕𝜇0, and also TrP = 2p⟂ + p||.
Detailed formulas for the energy balance are given in the second part of Appendix A.

3.4. Results From The Shock Jump Conditions
The results from the jump conditions are given in Table 2. We first compare the correction factors for ion pres-
sure and ion mass to those obtained from the simplified analysis in Paper 1, namely, kp=1.27 and a nominal
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Table 2. Results From the Shock Jump Conditionsa

Corrected Quantities Shock 1 Shock 2

Upstream normal field Bx (nT) 3.00 3.00

Measured field ratio Bz2∕Bz1 0.0534 0.0551

Magnetic pressure B2
1∕2𝜇0 (nPa) 0.9720 0.5017

Gyrotropic description

Ion pressure correction kp 1.2705 0.9637

Mach number MA1 1.0022 1.0870

Mach number MA2 0.6672 0.8744

Mass correction km 2.3918 1.0882

Heat flux factor Δqx∕V′
x1 (nPa) −0.0091 −0.0043

Net heat flux Δqx (mW/m2) −0.1099 ⋅ 10−3 +0.0683 ⋅ 10−3

Pressure tensor description

Ion pressure correction kp 1.3179 1.0960

Mach number MA1 1.0022 1.0976

Mach number MA2 0.6673 0.8830

Mass correction km 2.3921 1.1097

Heat flux factor Δqx∕V′
x1 (nPa) −0.0554 −0.0915

Net heat flux Δqx (mW/m2) −0.6692 ⋅ 10−3 +1.4535 ⋅ 10−3

aSwitch-off condition, Bz2 = 0, is used, along with the ion pressure cor-
rection factor, kp . The nominal mass correction factor, km, is evaluated under
the assumption that the correction factor for velocity is kv=1, which may in
reality not be precisely true; the nominal mass corrections actually represent
the product k2

v km, with kv for Shock 1 in the allowable range 0.98–1.30, as
discussed in Paper 1. Net heat fluxes Δqx are calculated from the heat flux
factors by multiplication by V′

x1 = ±|V′
1|Bx∕|B1|, with Bx = 3 nT.

value (i.e., assuming kv =1) of the mass correction factor km =2.39 for Shock 1 and kp =1.00 and km =1.09 for

Shock 2. Table 2 shows very good agreement with those numbers for the gyrotropic model, with somewhat

larger (unexplained) deviations of the numbers from the pressure tensor approach. These discrepancies serve

as an indicator of the uncertainties in the pressure correction factors. Note that the mass and pressure correc-

tion factors seem to go together: they are both substantially larger than 1 in Shock 1 and both close to 1 in

Shock 2. This behavior is consistent with the conclusion that these corrections are, at least in part, the direct or

indirect result of the presence, in Shock 1, of substantial amounts of unidentified heavy ions, some of which

fall below the low energy cutoff of the ESA instrument in the early upstream part, but are visible in most of

the remaining part, of the shock. As already noted in Paper 1, the low energy ESA cutoff and other effects may

possibly also lead to the need for a correction factor kv of the field-aligned ion velocity at the upstream station

of Shock 1. For both shocks, errors in VHT could also lead to kv ≠ 1.

The response of an ion spectrometer without mass discrimination to inputs consisting of a mixture of protons

and heavier ions is complicated [see, e.g., Paschmann et al., 1986]. Number densities, velocities, and pressure

tensors are all affected, and their true values cannot be uniquely deduced from the measurements. However,

from the formulas in Paschmann et al. [1986] one can show that the measured pressure tensor component Pxx

is always underestimated in a mixture of protons and heavier ions. The result is the need for an ion pressure

correction factor kp > 1, although it is doubtful that this effect can be large enough to explain the kp values

we have deduced. Time dependence and deviations from our simple wedge-shaped shock configuration may

also play important roles. We note that, at the downstream reference point of Shock 1, it is the pressure com-

ponent Pxx that provides the main force balancing the upstream magnetic pressure. It is mainly a defect in

this term that creates the need for the ion pressure correction. This pressure component also enters into the

energy balance in an important way.
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4. Heat Fluxes

In Paper 1, the net heat flux out of, or into, each shock was assumed to be zero. This assumption is supported

by the small heat flux factors given in Table 2, at least for the gyrotropic description. In the pressure tensor

description they are somewhat larger but still reasonably small. The heat flux factors given in Table 2 have the

physical dimension of nanopascal (nPa) and are seen to be small compared to the upstream magnetic pres-

sure pB=B1
2∕(2𝜇0) (given in row 3 of the table), the latter being one of the larger terms in the energy balance

and being of order 1 nPa for Shock 1. With an assumed upstream normal plasma speed, V ′
x1 =±Bx|V ′

1|∕|B1,

with Bx =+3 nT, the heat flux factors convert to the net heat fluxes given in Table 2; they do not exceed

Δqx =±1.5 ⋅ 10−3 mW/m2. Assuming the total heat flux vectors to be approximately field aligned, their

full magnitudes at the upstream reference times would be some 10 times larger, i.e., they would be about

|q|=1.5 ⋅ 10−2 mW/m2 or less.

In light of the extensive calculations needed to determine the normal heat fluxes from energy conservation

(see Appendix A), it is impressive that they come out as small as they do. Also, the fact that the signs of the

heat flux factors in Table 2 are consistent and negative for the two different descriptions suggests that, while

small, they could possibly be significantly different from zero, representing a small net heat flux away from the

magnetopause layer for both shocks, as indicated by the values ofΔqx in Table 2 (remember that V ′
x is positive

for Shock 1 and negative for Shock 2).The estimates of the separatrix locations given in Paper 1 indicate that

the upstream station for each shock was located well downstream of the corresponding separatrix. This means

that, for both shocks, the upstream station was magnetically connected to some point on the shock, located

closer to the magnetic X point. Any heat flux escaping from the shock along the magnetic field on the two

sides of the magnetopause should therefore have been observable at our upstream stations. Since they were

small, we conclude that, locally, heat flux away from (or into) these shocks did not play a major role in the

overall energy balance. But we cannot conclude that they were precisely zero, as we will show below.

The THEMIS plasma instruments delivered 3-D ion and electron distribution functions of sufficient quality to

permit a meaningful determination of heat flux vectors from the appropriate third moment of the distribu-

tion function (see, e.g., Paschmann et al. [1998, equation (6.8)] after subtraction of a missing term, (𝜌∕2)VV2).

The results for our event are shown in Figure 2. The heat flux vectors are shown separately for ions and elec-

trons in Figures 2d and 2e, in terms of their components along the MVA axes. The normal (x) components

(red curves) are indeed small, especially at the upstream reference times of the two shocks, and appear to fluc-

tuate around zero. Within measurement errors, they would be consistent with the near-zero net normal heat

flux predicted from the shock jump conditions. Note that the latter fluxes are too small to show up on the heat

flow scales used in Figure 2. In that figure, one can see that there are substantial ion heat fluxes tangential to

the magnetopause within each shock (except in the short interval between the two shocks), as well as in the

magnetosheath. These fluxes are directed southward, i.e., away from the reconnection site, in both shocks as

well as in the magnetosheath. Within errors, they could be consistent with the presence of a small net heat

flux away from the magnetopause (indicated by the negative sign of Δqx∕V ′
x in Table 2). The tangential elec-

tron heat fluxes are generally small, except for a 20 s southward pulse around the upstream reference time for

Shock 2. The tangential ion and electron heat fluxes seen in the magnetosheath could plausibly originate in

Shock 2 at locations closer to the reconnection site. On the magnetospheric side, we note that the precursor

density depression (centered at 16:58:15; see Figure 2b) upstream of Shock 1 and associated magnetic struc-

ture (Figure 1) shows an ion heat flux signature (Figure 2d) consistent with a brief entry into the rotational

discontinuity (RD) at the upstream edge of Shock 1, as mentioned already in Paper 1. We also note that it is at

the beginning of the RD, at 19:59:10 UT, that the large field-aligned heat flux in Shock 1 begins to develop.

Figures 2f–2h show the components of the ion (black) and electron (red) heat fluxes perpendicular and

parallel to the magnetic field, along with the angle between the heat flux and magnetic vectors, with angles

0∘ and 180∘ indicating flux parallel and antiparallel to B. For both ions and electrons, the former angle dom-

inates in Shock 2, the latter in Shock 1, although the fluctuations are substantial, especially for the electrons.

The conclusion is that, throughout most of the magnetopause, there is a substantial heat flux directed away

from the reconnection site.
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Figure 2. Heat flux vectors, q, for ions and electrons, calculated from measured distribution functions. (a–c) Overview
values of field magnitude (nT), number density (cm−3), and flow speed in the spacecraft frame (km/s). (d, e) MVA
components (x, red; y, green; and z, black) of measured heat fluxes (mW/m2), qi for ions, and qe for electrons (same
color code). (f–h) Components of ion (black) and electron (red) heat fluxes, perpendicular and parallel to B, and the
angle 𝛼 between q and B (𝛼 = 0∘ for parallel and 𝛼 = 180∘ for antiparallel orientations). No correction factors for
pressure, velocity, or effective ion mass are included in the figure.
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5. Double-Adiabatic Invariants

The Chew-Goldberger-Low (CGL) adiabatic invariants [Chew et al., 1956] are defined by

C∥ = 𝜅bT∥B2∕N2 (8)

C⟂ = 𝜅bT⟂∕B (9)

As demonstrated in Appendix B, conservation of total energy, after subtraction of the mechanical part,
together with certain important assumptions, leads to the following relation between the spatial derivatives
of the two invariants

(1∕2)𝜅bT∥(d∕dx) ln C∥ + 𝜅bT⟂(d∕dx) ln C⟂ +
(

1∕
(

2NV ′
x

))
dqx∕dx = 0 (10)

Here 𝜅b is Boltzmann’s constant and V ′
x is the normal (x) component of the plasma flow velocity, evaluated

in the HT frame. Note again that V ′
x is positive in Shock 1 and negative in Shock 2. Also, qx represents an

effective heat flux along the magnetopause normal, required to conserve total energy. The total heat flux
vector is expected to be approximately parallel or antiparallel to the magnetic field, as is indeed, albeit very
approximately, the case in Figure 2. This effective heat flux may not be a true heat flux but could instead be
partially, or even wholly, associated with effects such as viscous or resistive dissipation or with a localized elec-
tric field component E′

x , not included in the energy equation we used. In deriving (10), it was simply assumed
that E + V × B = 0 (see Appendix B).

As in Figures 3d–3f, the two adiabatic invariants, their name notwithstanding, in fact undergo large variations
in the event. This should not come as a surprise: their invariance places severe restrictions on the heat flux
tensor [Chew et al., 1956], which are unlikely to be met in our event, where large field-aligned heat fluxes are
present (see Figure 2) within the exhaust jet.

As a consequence of the density minimum at the beginning of Shock 1, both invariants show a pronounced
maximum at that location. Elsewhere, the variations are anticorrelated, mainly as a consequence of their oppo-
site dependence on the field strength B. The entropy parameter, derived in Appendix B and shown in the third
panel of this set, has a large increase across Shock 1 and a much smaller increase across Shock 2. There is also
a large entropy maximum at the location of the density minimum.

To evaluate the space derivatives in (10) from the observed time derivatives, we note that they are propor-
tional, d∕dt = −Vmpxd∕dx, where Vmpx is the local magnetopause speed, which is negative (−14.1 km/s; see
explanatory notes for Table 1) on average in the event, but where brief positive excursions may have occurred.

Except for distortions caused by a nonconstant value of the magnetopause speed Vmpx, Figures 3g–3i show
the behavior of the first two terms on the right-hand side of (10) and also their sum. The latter shows that
the sum is approximately zero during most of the event. This result is consistent with the conclusion that the
combined effects of physical normal heat fluxes (see section 4), resistive, and viscous dissipation (see Paper 1)
are for the most part not important in the shock structures. An exception is the large bipolar pulse associated
with the density depression at the beginning of Shock 1. This pulse is produced mainly by a strong bipolar
pulse in the parallel term (Term 1). If interpreted in terms of a normal heat flux, qx , the implication would be an
earthward heat flux followed by a sunward heat flux, making the density depression (which is accompanied
by a maximum in both T∥ and T⟂) (see Figure 3c) a source of the heat flux. Note that similar, but smaller, bipolar
pulses in Terms 1 and 2 are present also in the early partial entry (at 16:58:15 UT) into the RD associated with
Shock 1.

As mentioned already, the interpretation of qx in terms of a true heat flux need not be entirely appropriate.
Any deviations from the model assumptions that led to (10) could be responsible for all or parts of the qx term
in that equation. In particular, it was shown in Paper 1 that a substantial Hall electric field is associated with
the density minimum; the effects of such a field are not explicitly included in (10). The Hall electric field itself
does not lead to dissipation because it is perpendicular to the current. But, as argued in Paper 1, it breaks the
frozen condition for the ions, which leads to a violation of the assumption of field-aligned ion flow, on which
(10) is based.

In Paper 1, it was also shown that a small rotation of the tangential magnetic field accompanied the density
minimum, with the associated in-plane current forming part of a Hall current loop. It was concluded that the
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Figure 3. Time series of the double-adiabatic invariants C∥ and C⟂ of the entropy and of the main terms in equation (10).
(a–c) Time series of field magnitude, number density, and combined (ion + electron) plasma temperatures, with T∥ in

red and T⟂ in black. (d–f ) Behavior of C∥ (eV nT2 cm6), C⟂ (eV/nT), and the entropy measure C1∕3
∥ C2∕3

⟂ =𝜅bT1∕3
∥ T2∕3

⟂ ∕N2∕3

(eV cm2∕3); see Appendix B; (g–i) Terms 1 and 2 on the right-hand side of equation (10), with the space derivatives
converted to time derivatives, using VHTx = −14.1 km/s. The temperatures used in C∥ and C⟂ do not include the ion
pressure correction factor kp .
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flow in this structure must have been Alfvénic; it was interpreted as a rotational discontinuity (RD) attached
to the upstream edge of Shock 1, which is its expected location relative to a switch-off shock. It was further
shown that Shock 2 also had such a leading edge RD, albeit a much less pronounced one.

6. Summary and Discussion

The present paper is a sequel to Paper 1 [Sonnerup et al., 2016], in which the general features were described of
an unusual magnetopause reconnection event, in which the exhaust jet was bounded by (and consisted of)
back-to-back switch-off shocks. Included in the analysis was a simplified version of the shock jump conditions
in which pressure anisotropy was not included (except to specify the upstream Alfvén-Mach numbers). In the
follow-up study presented here, pressure anisotropy is included, either by use of the gyrotropic description or
by direct use of the measured pressure tensor components. Also, the behavior of the CGL adiabatic invariants
was examined. The following results were obtained:

1. Inclusion of pressure anisotropy in the shock jump conditions gave results consistent with the findings in
Paper 1. Specifically, the ion pressure correction factor required for Shock 1 (on the magnetospheric side)
in Paper 1 came out nearly the same (kp =1.27) in the gyrotropic description but, for unknown reasons,
somewhat larger (kp =1.32) in the pressure tensor description. For Shock 2 (on the magnetosheath side), the
value used in Paper 1 was kp = 1. Here the gyrotropic description gave kp = 0.96 and the pressure ten-
sor method gave kp=1.10. These deviations are indicative of the overall uncertainties in the calculated kp

values.
2. The nominal effective ion masses deduced are in good agreement with those given in Paper 1 (km =2.39 amu

for Shock 1 and km=1.09 amu for Shock 2), suggesting a significant presence of what is probably ionospheric
O+ (9.3%) in Shock 1 and a small amount of what is probably He++ (3.0%) of solar wind origin in Shock 2.

3. The net heat flux in the normal direction for each shock was assumed to be zero in Paper 1. In the gyrotropic
model of the energy conservation law, this heat flux component did indeed come out very small, with some-
what larger,but still small values resulting from the directly measured pressure tensors. The net normal heat
flux was directed away from the magnetopause in both descriptions and for both shocks.

4. Within the two shocks, there were substantial, field-aligned heat fluxes. These fluxes were approximately
antiparallel to the magnetic field in Shock 1 and approximately parallel to the field in Shock 2. Since the
spacecraft was located well south of the reconnection site, this behavior indicates that the heat fluxes were
directed away from this site in both shocks. However, one should not conclude that they were generated
at the reconnection site itself. It appears likely that they originated within the two shocks, throughout the
region between the reconnection site and the spacecraft.

5. The CGL adiabatic invariants were not invariant in the event, a not surprising result, given the restrictive
conditions under which their constancy was derived [Chew et al., 1956]. As seen by an observer riding with
the plasma flow from each of the two upstream regions into the exhaust jet, the longitudinal invariant, C∥,
decreased and the transverse invariant, C⟂, increased, as did the entropy, across both shocks,. This result
is noteworthy, especially for the transverse invariant, which is often thought to represent the conservation
of magnetic moment. In both shocks, irreversible transfer must occur from energy associated with parallel,
to energy associated with perpendicular, thermal motion. This effect could be, at least partially, the result
of the intermixing of two particle populations in the exhaust: magnetospheric ions moving sunward and
magnetosheath ions moving earthward.

6. In the magnetosphere, upstream of Shock 1, the temperatures and the plasma 𝛽 values were both very
small, with T⟂ > T∥. Upstream of Shock 2 (in the magnetosheath) the same sense of the anisotropy was
present but now with substantial temperatures and plasma 𝛽 values of order 1. In the center of the exhaust,
the temperature was nearly isotropic. We note that the changes in T∥ were much more abrupt than those in
T⟂ and that, for both shocks, those rapid changes occurred slightly upstream of the shock structure proper.
It is our conclusion that this behavior was caused by Hall electric field structures just upstream of Shock 1
and probably also of Shock 2. These electric fields are directed toward the center of the event. They cause
the frozen in-field condition for ions to be broken, thereby allowing the speed at the center of the exhaust
jet to be less than that predicted by simple MHD.

7. The presence of intrinsic normal electric fields could be deduced directly from the measurements but
only for Shock 1 (see Paper 1). In this shock, it was seen to coincide with a number density minimum
and a magnetic field rotation, the latter presumably generated by a portion of an in-plane Hall current
loop. For Shock 2, the presence of an intrinsic normal electric field could not be established, since reliable
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measurements of the total electric field became unavailable in the middle of the event. But a slight upstream
magnetic field rotation was seen for this shock, coincident with the abrupt change in T∥ (see Paper 1).
The more gradual increases in T⟂ were smaller and coincided with the magnetic field changes. From the
abrupt upstream changes of T∥, it appears that the overall shock structures depend in an important way on
Hall-induced structures immediately upstream of each shock.

Appendix A: Pressure Correction Factor
A1. Gyrotropic Description
In the gyrotropic approximation, we can write Pxx = p⟂ + 𝛼B2

x∕𝜇0 and Pxz=𝛼BxBz∕𝜇0 so that the normal and
tangential components of the stress balance become

M2
A1(1 − N1∕N2)B2

x∕𝜇0 =
[(

p⟂2 − p⟂1

)
+
(

pB2 − pB1

)
+
(
𝛼2 − 𝛼1

)
B2

x∕𝜇0 (A1)

M2
A1 − 1 + 𝛼1 = 0 (A2)

In the pair (A1) and (A2), we now correct all ion pressures by the unknown correction factor kp so that p⟂=
kppi⟂+pe⟂, p∥=kppi∥+pe∥ , and 𝛼=kp𝛼i+𝛼e. The result from (A1) is the following expression for kp:

kp =
(

Aa + Ab + Ac

)
∕Ad (A3)

where

Aa = pB1 − pB2

Ab = pe1⟂ − pe2⟂

Ac =
(

B2
x∕𝜇0

) [(
1 − 𝛼e2

)
−
(

N1∕N2

) (
1 − 𝛼e1

)]
Ad =

(
pi2⟂ − pi1⟂

)
+
(

B2
x∕𝜇0

) [(
𝛼i2

)
−
(

N1∕N2

)
𝛼i1

]

Once kp has been obtained from (A3), one then obtains

M2
A1 = 1 − kp𝛼i1 − 𝛼e1 (A4)

where 𝛼i1 and 𝛼e1 are taken from Table 1. From the resulting value of M2
A1 we can then obtain the effective

mass from the uncorrected M2
A1 values in Table 1:

kmk2
v = M2

A1∕
(

M2
A1

)
Table1

(A5)

Here the effective mass ratio is km=meffective∕mproton and kv is a multiplicative correction factor for the mea-
sured plasma speed in the HT frame, with a possible range of values 0.98<kv<1.30 for Shock 1, as discussed
in Paper 1. The “nominal” value of km corresponds to the choice kv =1.

The gyrotropic version of the total energy balance (7) can be written as

Δqx∕V ′
x1 = H1 −

(
N1∕N2

)
H2 (A6)

where H, the total enthalpy per unit volume, is

H = M2
A pB + 3p∥∕2 + p⟂ (A7)

The information needed in the above calculations is given in Table 1. Note that the ion pressures in (A7) are the
ones obtained after correction by the factor kp and that the MA values are those given in Table 2. The resulting
net heat flux factors are also in the latter table.

A2. Pressure Tensor Description
The situation for this description is similar. We again use (1) to eliminate M2

A2 in terms of M2
A1. Using the pressure

correction kp, we also write Pxx =kpPixx+Pexx, Pxy =kpPixy+Pexy, and Pxz =kpPixz + Pexz.

SONNERUP ET AL. PRESSURE ANISOTROPY IN SWITCH-OFF SHOCKS 9952



Journal of Geophysical Research: Space Physics 10.1002/2016JA023250

Since the upstream state is closely gyrotropic, we also have Pxz1=𝛼1Bx Bz1∕𝜇0, which means that the gyrotropic
switch-off condition, M2

A1=1 − 𝛼1, is recovered. The normal stress balance (2) gives

[
1−

(
kpPixz1+Pexz1

)
𝜇0∕BxBz1

](
1−N1∕N2

)
B2

x∕B2
1−kp

(
Pixx2−Pixx1

)
𝜇0∕B2

1 =
(

Pexx2−Pexx1

)
𝜇0∕B2

1−
(

1−B2
2∕B2

1

)
∕2

(A8)

The resulting expression for kp is of the same form as (A3) but now with different definitions of three of the
four terms Aa to Ad :

Aa = pB1 − pB2

Ab = Pexx1 − Pexx2

Ac =
(

B2
x∕𝜇0

) (
1 −

(
N1∕N2

)) (
1 − 𝛼e1

)
Ad =

(
B2

x∕𝜇0

) (
1 −

(
N1∕N2

))
𝛼i1

)
− Pixx1 + Pixx2

The evaluation of M2
A1 and km is again made from (A4) and (A5).

The total energy balance is, as before, expressed by (A6) but now with a different expression for H:

H = M2
A pB + TrP∕2 + Pxx +

[
PxyBy + PxzBz

]
∕Bx (A9)

Under gyrotropic conditions (A9) reduces to (A7). As before, the ion pressure terms in (A9) are those obtained
after correction by the factor kp.

The pressure tensor components needed in the above expressions are given in Table 1, except that the ion
terms in (A9) are those already corrected by kp and that the MA values are those in Table 2.The resulting net
heat flux factors are also in the latter table.

Appendix B: Entropy

In this appendix, we present a brief derivation and discussion of equation (10) and of the associated expression
for entropy. For simplicity, we assume that Ohm’s law in its simplest form, E + (V × B) = 0, is valid so that the
flow, assumed to be steady and gyrotropic, is exactly field aligned as seen in the HT frame. In this frame, the
flow velocity is denoted by V′ and the electric field is zero, E′ = 0. Under these assumptions, the equation for
the conservation of total energy, expressed in the HT frame, takes on a particularly simple form (because the
Poynting vector is zero). It becomes an expression for the conservation of total enthalpy:

𝜌V ′
x(d∕dx)

(
V ′2∕2 + (3∕2)p∥∕𝜌 + p⟂∕𝜌

)
+ dqx∕dx = 0 (B1)

As before, x is a coordinate along the vector normal to the discontinuity surface and qx is the heat flux along x.
The heat flux term may either represent an actual heat flux or it may simply be a catch-all term that accounts for
effects, excluded by our model assumptions. The integrated version of this equation becomes equation (A6).
Here we will subtract out the rate of mechanical work from (B1) in order to arrive at an expression for entropy.
The rate of mechanical work is obtained as the scalar product of the momentum equation with the velocity
V′. Since the flow is field aligned, the term V′ ⋅ (J × B) in the momentum equation will disappear, leaving

∇ ⋅
(
𝜌V′V ′2∕2

)
+ V′ ⋅ ∇ ⋅ P = 0 (B2)

where the pressure tensor, in dyadic notation, is P = p⟂I + 𝛼BB∕𝜇0. In our one-dimensional geometry we
then find

∇ ⋅ P = (d∕dx)
[
Pxx; Pxy; Pxz

]
(B3)

The needed components of the pressure tensor are

Pxx = p⟂ + 𝛼B2
x∕𝜇0; Pxy = 𝛼BxBy∕𝜇0; Pxz = 𝛼BxBz∕𝜇0 (B4)
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where, as before, 𝛼 =
(

p∥ − p⟂
)
𝜇0∕B2. Using these expressions, we find

V′ ⋅ (∇ ⋅ P) = V ′
xd

(
p⟂ + 𝛼B2

x∕𝜇0

)
∕dx + V ′

y (d∕dx)
(
𝛼Bx By∕𝜇0

)
+ V ′

z(d∕dx)
(
𝛼BxBz∕𝜇0

)
(B5)

In (B5) we also have V ′
y = V ′

x

(
By∕Bx

)
and V ′

z = V ′
x

(
Bz∕Bx

)
, since the flow is field aligned. Because Bx is constant,

we can then simplify (B5) to give

V′ ⋅ (∇ ⋅ P) = V ′
xdp∥∕dx −

(
𝛼∕2𝜇0

)
dB2∕dx (B6)

Therefore, the conservation of mechanical energy becomes

𝜌V ′
x(d∕dx)V ′2∕2 = −V ′

xdp∥∕dx + V ′
x

(
p∥ − p⟂

)
(d∕dx) ln B (B7)

If we now eliminate the kinetic energy term from (B1) by use of (B7), and also divide by the constant mass flux,
𝜌V ′

x , we find

(1∕𝜌)
[
−dp∥∕dx +

(
p∥ − p⟂

)
(d∕dx) ln B

]
+ (d∕dx)

(
3p∥∕2𝜌 + p⟂∕𝜌

)
+ d

(
qx∕𝜌V ′

x

)
∕dx = 0 (B8)

We can sort this expression into those terms that contain p∥ and those that contain p⟂. The result is

p∥(d∕dx) ln
(

p∥B2∕𝜌3
)
+ 2p⟂(d∕dx) ln

(
p⟂∕𝜌B

)
+

(
1∕V ′

x

))
dqx∕dx = 0 (B9)

In this expression, we recognize the so-called “double-adiabatic invariants” C∥ = p∥B2∕𝜌3 and C⟂ = p⟂∕𝜌B.
Therefore, we can write

p∥(d∕dx) ln C∥ + 2p⟂(d∕dx) ln C⟂ +
(

1∕V ′
x

)
dqx∕dx = 0 (B10)

To understand the meaning of (B10), we divide it by the factor 2𝜌 and then use p∥ =𝜌RT∥ and p⟂=𝜌RT⟂, where
R=𝜅b∕meff is the gas constant. We also have c𝜈∥=R∕(𝛾∥−1), with 𝛾∥=3, and c𝜈⟂=R∕(𝛾⟂−1), with 𝛾⟂=2. Here
𝛾=cp∕cv = (df + 2)∕df is the ratio of specific heats at constant pressure and constant volume. The symbol df

denotes the number of degrees of freedom of the particle motion so that df = 1 for the motion along the
magnetic field and df =2 for the motion perpendicular to the magnetic field. Therefore, we find c𝜈∥ =R∕2 and
c𝜈⟂=R. With these expressions, equation (B10) can be written in terms of the temperatures as

T∥c𝜈∥d ln C∥∕dx + T⟂c𝜈⟂d ln C⟂∕dx +
(

1∕
(

2𝜌V ′
x

))
dqx = 0 (B11)

which is equivalent to (10) in the main text.

For consistency, we can also express the parallel and perpendicular invariants as C∥ =𝜅bT(B∕N)2 and C⟂=𝜅bT∕B.
Use of the number density, N, instead of mass density 𝜌 = Nmeff, is consistent with our assumption that the
effective ion mass, although different for the two shocks, is constant within each.

Next, we discuss (B11) as an expression for entropy. By use of the thermodynamic relation, dQ = TdS, we see
that, except for a constant of integration, we can write S∥ =c𝜈∥ ln C∥ and S⟂=c𝜈⟂ ln C⟂ as “partial” entropies so
that (B11) can be rewritten as

dQtot∕dx = dQ∥∕dx + dQ⟂∕dx + c𝜈∥d
(

qx∕
(
𝜌V ′

x

))
∕dx = 0 (B12)

In effect, the plasma has two energy reservoirs, one for parallel and one for perpendicular motion. Energy can
be transferred between these two reservoirs. Energy exchange between neighboring fluid elements can also
occur via heat conduction. Because of our assumptions, no internal generation of heat by resistive or viscous
effects is explicitly described but any such effects contained in the measured data would manifest themselves
in the heat flux term. If there is no such term, it follows that dQtot∕dx=0.
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These results indicate that the total entropy can be written as

S = S∥ + S⟂ = c𝜈∥ ln C∥ + c𝜈⟂ ln C⟂ + const. = R ln
(

C1∕2
∥ C⟂

)
+ const. (B13)

By use of the expressions for C∥ and C⟂, we can therefore write

S = (3R∕2) ln
(

T 1∕3
∥ T 2∕3

⟂ ∕N2∕3
)
+ const. = (3R∕2) ln

(
p1∕3
∥ p2∕3

⟂ ∕𝜌5∕3
)
+ const. (B14)

Note that S is a purely thermodynamic state variable: it does not contain the magnetic field. For the special
case where T∥= T⟂, equation (B14) reduces to the usual expression for a monoatomic gas (𝛾 = 5∕3), namely,
S=c𝜈 ln

(
T∕N𝛾−1

)
+ const=c𝜈 ln

(
p∕𝜌5∕3

)
+ const.

From the above development, we can draw the following general conclusions for a gyrotropic MHD disconti-
nuity in which resistive and viscous dissipation, as well as any effects produced by electric fields and heat flux,
are absent.

1. Either C∥ and C⟂ are both conserved or neither is conserved.
2. If C∥ and C⟂ are both conserved, then the total entropy, given by (B14), is also conserved; if neither is con-

served, the total entropy may, or may not, be conserved. If it is not conserved, one would expect it to
increase in the flow direction.

3. If C∥ and C⟂ are not conserved, then the variations of the two first terms on the left in (B11) must be anticor-
related so that their sum can remain zero. Deviation from this behavior in an actual event is an indication
that one or more of the base assumptions of nonresistive behavior, nonviscous gyrotropic flow, no electric
field (in the HT frame), and no heat flux must be violated.

4. In (B11), or (10) in the main text, only the heat flux term is written out explicitly. Any other nonideal behavior
present in the shocks would masquerade as a nonzero value of that term.

The mathematical development presented above is by no means new. Except for the heat flux term,
equation (B10), or equivalent forms of it, can be found in various textbooks [e.g., Parks, 1991, p. 270;
Baumjohann and Treumann, 1996, p. 137]. In those books and elsewhere, the next step beyond (B10), but with
qx =0, has been to argue that the average magnetic moment, which is in effect proportional to the transverse
invariant C⟂, should be conserved. From (B10) it then follows that the longitudinal invariant C∥ must be
conserved as well. In our application, we are forced to abandon the assumption that the average magnetic
moment, at least as expressed via C⟂, is conserved. The reason for the observed behavior could be the
presence of counter-streaming populations.
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