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Abstract The curlometer was introduced to estimate the electric current density from four-point
measurements in space; anticipating the realization of the four spacecraft Cluster mission which began full
science operations in February 2001. The method uses Ampére’s law to estimate current from the magnetic
field measurements, suitable for the high-conductivity plasma of the magnetosphere and surrounding
regions. The accuracy of the method is limited by the spatial separation knowledge, accuracy of the magnetic
field measurement, and the relative scale size of the current structures sampled but nevertheless has proven
to be robust and reliable in many regions of the magnetosphere. The method has been applied successfully
and has been a key element, in studies of the magnetopause currents; the magnetotail current sheet; and the
ring current, as well as allowing other current structures such as flux tubes and field aligned currents to be
determined. The method is also applicable to situations where less than four spacecraft are closely grouped
or where special assumptions (particularly stationarity) can be made. In view of the new four-point
observations of the MMS mission taking place now, which cover a dramatically different spatial regime, we
comment on the performance, adaptability, and lessons learnt from the curlometer technique. We emphasize
the adaptability of the method, in particular, to the new sampling regime offered by the MMS mission;
thereby offering a tool to address open questions on small-scale current structures.

1. The Curlometer

A wide range of currents permeate many regions of space and in particular currents are ubiquitous in the
magnetosphere; supporting both large-scale and small-scale plasma structures (in the form of sheets, tubes,
and other structures) and connecting different regions. Multiple spacecraft flying in formation often allow
spatial gradient estimates of the magnetic field to be made. The four Cluster spacecraft [Escoubet et al.,
2001] have provided spatial measurements from which a linear calculation of the curl of the magnetic field
can be made. This “curlometer” estimate [Dunlop et al., 1988] provides all components of the electric current
density based on the assumption that curl(B) = g/ (i.e., using Ampére’s law to estimate the average current
density in the tetrahedral configuration). The linear, integral form of Ampére’s law estimates the average cur-
rent, J, normal to the face 1jj of the tetrahedron from

Mo < J > (Ar;ARj) = AB,‘XAR]‘—AB]‘XAR,‘, e.g., Uy < J>123(Ar12AR13) = ABj5-AR13-AB13 X AR5

We also have <div(B) > |AR; - ARAARy| = [ cyciicAB; - ARjaARy|, which estimates indirectly the neglected non-
linear gradients [Dunlop et al., 2002; Robert et al., 1998]. The shape and size of the spacecraft configuration
compared to the relative orientation and scale of the current structures, as well as measurement errors, affect
the quality of the estimate; usually indirectly monitored by the quality parameter, Q =|divB|/|curl(B)|. Since
divB should ideally be zero, small values of Q are desirable. Note, however, that divB is also calculated from
gradients in B and thus is restricted by the same constraints as the curl calculations. The value of Q can there-
fore not be used to derive quantitative error estimates of the current determination.

In the above equations, AB;; and ARj; represent differences in the measured magnetic field and spatial posi-
tion vectors between spacecraft i and j, respectively. A redundancy in the estimate, since the vector current
can be constructed from only three of the faces of the configuration, can be used to verify the sensitivity of
the estimate for each component of J (thus indicating uncertainty independently to divB and hence Q). This
original form of the curlometer is identical to the process of directly estimating the linear spatial gradients for
each current density component [e.g., De Keyser et al., 2007]; for example, from the dyadic of B, but the error
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handling (and hence relevant quality parameter) is slightly different: in the integral form the estimate is often
self-stabilizing.

If the background field contains strong nonlinear gradients (this is the case for the internal geomagnetic
field), then the neglect of these gradients in the linear estimates can imply nonphysical currents (the effect
is significant in the inner magnetosphere). The solution is to subtract a zero current model field (e.g., IGRF)
prior to the curlometer application which is then applied on the residual fields [Dunlop et al., 2015a]. In
addition, nonregular tetrahedral configurations preferentially access some components of the current more
accurately than others (depending on alignment, or miss-alignment, to the dominant current direction). This
can be a significant pitfall to consider when sampling large-scale currents at the magnetopause or magneto-
tail, for example.

In general terms, these physical errors, require the spatial configuration to be small compared to the current
structure to minimize the effect of nonlinear gradients (i.e.,, nonmeasured gradients in the current density).
This requirement, however, is limited by the effect of the measurement errors in B and R and by timing errors
between spacecraft. Thus, smaller tetrahedral scales require higher absolute accuracy in B and R, and higher
temporal behavior requires higher cadence and accuracy of the measurement times. For the smallest Cluster
tetrahedron scales (~100 km) measurement uncertainty (~0.1 nT in B; few kilometers for R and millisecond
timing) was sufficiently low (for currents greater than a few nAm ) that linearization errors typically domi-
nate the lack of knowledge in the estimates. This is why Q is a reasonable quality indicator. At separations
of tens of kilometers (as accessed by the MMS mission, [Burch et al., 2016]) the curlometer is likely to be more
often in the linear regime where errors due to gradients in the current density are small. On these spatial
scales, however, the measurement errors could become significant unless the currents are large, and all these
measurement errors should be minimized. In fact, it is natural that at Cluster separation scales, the curlometer
misses small-scale structure and therefore that the estimate will typically be lower than the actual currents.
We might expect that on MMS scales, the estimated currents will be larger than comparative measurements
by Cluster. At the magnetopause or in the magnetotail, for example, the boundary layer will often be much
larger than the MMS separation scales so that substructures can be resolved.

The above summary represents the practical experience gained from the application of the method to
Cluster data. It is the purpose of this commentary to illustrate the key pitfalls learnt through applications of
which some are shown below. Ready to use implementations of the curlometer method can be obtained
from the Cluster Science archive (http://www.cosmos.esa.int/web/csa/software).

2, Applications

The curlometer method has been successful in view of its wide applicability and robustness and has been
successfully applied in many different regions of the Earth’s magnetosphere, such as the magnetopause [e.
g., Dunlop et al., 2002; Dunlop and Balogh, 2005; Haaland et al., 2004; Panov et al., 2006]; the magnetotail cur-
rent sheet [e.g., Runov et al., 2006; Nakamura et al., 2008; Narita et al., 2013]; the ring current and inner mag-
netosphere [e.g., Vallat et al., 2005; Shen et al., 2014]; field-aligned currents (FAQ), [e.g., Forsyth et al., 2008; Shi
et al., 2010]; and other transient signatures [e.g., Roux et al., 2015; Xiao et al., 2004; Shen et al., 2008], as well as
to structures in the solar wind [e.g., Eastwood et al., 2002].

Recently, the power of the method in returning results for some components of J, where less than four space-
craft are available or where assumptions in the behavior of the currents can be made (e.g., stationarity of the
field, known FACs or force-free structures), has been explored [e.g., Vogt et al., 2009, 2013; Shen et al., 2012;
Ritter and Liihr, 2013] as well as the relation to other gradient-based methods [e.g., Shi et al., 2005, 2006;
Dunlop and Eastwood, 2008]. This is by no means an exhaustive list and the continued usefulness of the curl-
ometer in fact lies in its flexibility of application and formulation. Indeed, the benchmarking of the method
can easily be adapted to new regimes, which we briefly describe below.

2.1. The Magnetopause and Tail Current Sheets

One example of curlometer results, shown in Figure 1, is taken from the magnetopause where close compar-
ison with MMS crossings may be carried out and benchmark tests can be done. On 4 November 2003, about
19:05 UT, Cluster traversed the dusk flank magnetopause (position [—6, 16, —7 Rz GSE]) from the magneto-
sphere into the magnetosheath. The actual crossing of the current sheet only takes about 17s. Structures
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inside the magnetopause are therefore
difficult to resolve in Cluster's plasma
measurements which have a 4s spin
resolution, but velocity moments sug-
gest a magnetopause normal velocity
of around 35km/s and thus a current
sheet thickness of around 600 km. The
individual components of the current,
shown in Figure 1e, reveal a layered
structure of the magnetopause. The
magnetospheric side has a significant y
component (red line), not present on
the magnetosheath side. We interpret

this as the signature of two adjacent
current sheets, with different current
direction. Each current sheet is only a
few ion inertial lengths thick.
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The magnetotail is another region
where the curlometer technique has
been successfully applied. Similar
layered structures have also been
observed there. For example, Runov
et al. [2006] presented a survey of 30
magnetotail current sheet profiles from
the first season of Cluster tail traversals
in 2001. In addition to classic current
sheets with a single sharp current den-
sity maximum, they also found a num-
ber of bifurcated current sheets with
19:04:50 19:05:15 19;05;'40 two quasi-symmetric current density
2003/11/04 Universal Time maximums in the northern and south-
ern halves of the plasma sheet, sepa-
rated by a weaker current layer near

Jese [NA/m2]
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Figure 1. Magnetopause current sheet profile obtained during a duskside
magnetopause crossing on 4 November 2003. (a-c) High-resolution GSE
components of the magnetic field and (d) the calculated current density, the central neutral sheet.
which exhibits a pronounced two-peak structure. (e) The ratio Q= |div B| /
|curl B|, which gives an estimate of the quality of the curlometer current
determination [after Haaland et al., 2014].

2.2, The Terrestrial Ring Current

The second example is taken from
Cluster sampling of the Earth’s ring cur-
rent. Cluster generally crosses the ring current every perigee pass. During the earlier phase of the mission, the
polar orbit passed normally through the ring current as was first reported by Vallat et al. [2005]. Careful selec-
tion of high-quality passes allows a full azimuth scan of the ring current density at all local times [Zhang et al.,
2011] (Figure 2) and for a limited radial extent (~4-4.5 Rg). By checking the stability of the current density for
each pass, the orientation of the Cluster configuration typically allows the azimuthal (ring plane) component,
Jor to be estimated accurately. In order to suppress the effect of nonlinear spatial gradients in the Earth’s inter-
nal field in this region, the IGRF should be subtracted from the measured data so that estimates of the current
density are applied to the field residuals [Shen et al., 2014]. MMS will also cover the ring current, and compar-
isons may be made with the Cluster measurements on MMS scales.

2.3. Variants of the Curlometer With Less Than Four Spacecraft (FACs)

The third example shows the power of the method in situations where less than four point measurements are
available. There are two regimes we can test: Cluster distorted configurations, where three spacecraft remain
regular or are aligned to the dominant direction of current density, and low Earth orbit (recently covered by
the multispacecraft Swarm mission; Figure 3). In the former, three spacecraft may still recover one compo-
nent normal to the plane of the spacecraft. In the latter, often assumptions of stationarity of the field can
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Figure 2. Full azimuth scan (magnetic local time, MLT) of the ring current (RC) passes, plotted in solar magnetic (SM) coor-
dinates (dipole aligned) and between —30° to 30° latitude [Zhang et al., 2011]. The length and direction of the vectors
represent 10 min averages of the current density obtained from the curlometer. The measurements represent non-storm
(Dst > —30 nT) values of the RC. The RC strength is seen to increase with MLT on the dawnside (03-12 MLT) and is a little
suppressed on the duskside.

be made so that positions of the spacecraft at adjacent times can be combined to produce added measure-
ment points, allowing the multipoint curlometer to be applied with fewer than four spacecraft. These consid-
erations have been explored in two recent papers [Dunlop et al., 2015a, 2015b], which have estimated the full
current density at Swarm altitudes and have shown coordinated field aligned current (FAC) signatures at
Cluster and Swarm. In this high field region magnetic residuals are computed by subtracting a high-
resolution internal field model.

3. Summary and Challenges for MMS: Small-Scale Structures

For small-scale current structures, spacecraft separation and configuration as well as the ability to filter out
magnetic field contributions from other sources will necessarily constrain the applicability of the curlometer
method [e.g., Forsyth et al, 2011]. In these circumstances, direct current determination from particle
moments may provide comparative estimates, but the measured distributions require carefully checking
to ensure that the calculated moments contain all particles contributing to currents. For Cluster, such
comparisons have been made [e.g., Henderson et al., 2008; Petrukovich et al., 2015] but are also limited by
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Figure 3. (left column) When three Swarm spacecraft (A, B, C) are grouped closely together, and the positions A',C’ of these spacecraft a few seconds earlier are com-
bined with A, B, and C, then the full curlometer can be applied, and all components of the current density, J, may be recovered (i.e. by using selected configurations of
four spatial positions, e.g., A,A",B,C). The right-hand plot shows all components of J (top) for one polar pass where this close grouping occurs, testing the existence of
perpendicular currents and hence the assumption of purely field aligned currents (middle panel) [from Dunlop et al., 2015a]. For other times only the Swarm A, C pair

remain closely aligned.
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the availability (lon moments not available from all four spacecraft (SC)) and time resolution (typically 4 s spin
resolution) of the plasma measurements. This is a key combination where we expect new missions like MMS,
having plasma instrumentation with the capability for high time resolution measurements, to provide better
estimates and new insight on small-scale current structures. Initial results [e.g., Eastwood et al., 2016] are
very promising.

Cluster has been in operation for more than 16 years and provided a wealth of information about currents in
space. As shown in the few examples above, the curlometer has been a key tool in many of these studies, and
the experience gained and lessons learned from Cluster provide a solid foundation for future missions.
Moreover, we expect that comparative studies from similar regions, sampled on both large and small scales,
will enhance the interpretation of future measurements.
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